This article shows how bending and torsional moments in three-dimensional frames can be represented via a discontinuous Maxwell-Rankine stress function. The associated Rankine reciprocal contains polygonal faces whose areas represent forces. These faces are orthogonal to the member forces (which may include shear forces) and need not be orthogonal to the beams.
Introduction
Traditionally, graphic statics has focussed on the analysis of the axial forces in pin-jointed trusses loaded at their nodes. Although there exist some simple graphical methods for constructing the bending moment diagram in a single beam, the methods of graphic statics have been largely unable to fully represent the equilibrium stress resultants (forces and moments) that may exist in a general rigidjointed framework. However, Williams and McRobie 1 recently showed how to represent moments for two-dimensional (2D) rigid-jointed frames by means of a discontinuous Airy stress function, and this article seeks to extend that progress towards three-dimensional (3D) frameworks. The method here uses a discontinuous Maxwell-Rankine stress function.
The origins of graphic statics can be traced back many centuries to the work of Varignon, 2 but it was in the 19th century that it was put on firmer theoretical foundations, most notably by Maxwell 3, 4 and Cremona. 5 The key concept was that of a pair of reciprocal figures, the form and force diagrams. The form diagram represents the structural members of a pin-jointed truss, and the force diagram represents the axial forces in the members. In essence, nodal equilibrium requires the force vectors meeting at a structural node to form a closed polygon, and the force polygons for the various nodes can be assembled into a larger geometric object -the force diagram.
Much recent progress in 2D graphic statics has followed from the association between the Airy stress function and the pair of reciprocal figures. The principles are laid out in Maxwell 4 and are elucidated in greater detail in Mitchell et al. 6 and McRobie et al. 7 Essentially, a continuous, piecewise-linear Airy stress function is defined over the form diagram. In the regions between bars, the stress function consists of planar faces, thereby defining a 3D polyhedron, of which the structural form diagram is the 2D projection. The change in stress function gradient in moving across a bar from one face to the next then defines the force in that bar. Equivalently, the nodes of the force diagram can be readily located by intersecting the normals of the various faces of the stress function with a second plane. That is, the coordinates of the reciprocal nodes are given by the negative of the gradients of the faces of the polyhedral Airy stress function. The resulting description provides a powerful methodology for the manipulation of reciprocal figures for analysis and design. The key insight of Williams and McRobie 1 was that bending moments in 2D frame structures could then be represented simply by allowing the Airy stress function to be discontinuous at bars. For nodally loaded frames, the Airy stress function still consists of a set of planar faces, and the force in each bar is still given by the change in stress function gradient in moving from one face to the next, but now the bending moment is given by the change in stress function value from one side of the bar to the other.
The intention of this article is to create an analogous construction for 3D frames. In moving from 2D to 3D, two different approaches present themselves, one due to Rankine and one due to Cremona. In Rankine's construction, 8 a 3D force diagram is created which is reciprocal to the form diagram in the sense that the area of a polygon in the force diagram represents the force in the bar which is orthogonal to that polygon. In contrast, Cremona's construction 5 creates force diagrams where, as in 2D, lines represent forces.
Returning temporarily to 2D, we note that although Maxwell reciprocal diagrams are 2D objects, the underlying duality is that of 3D projective geometry. The Airy stress function provides the third dimension, the polyhedral Airy stress function over the structure becoming the geometric object of interest (together with a dual polyhedral stress function over the force diagram). The 3D projective duality thus has (points, lines, planes) of one diagram corresponding to (planes, lines, points), respectively, of the other. Specifically, a bar is a line in the form diagram, and the associated bar force is a line in the force diagram.
Moving back to 3D structures, it can be recognised that Rankine's construction has the underlying duality of fourdimensional (4D) projective geometry, with (points, lines, planes, volumes) of one diagram corresponding to (volumes, planes, lines, points) of the other. Specifically, a structural bar is a line in the form diagram, and the bar force it carries is given by an area in the force diagram. In contrast, Cremona's construction retains the duality of 3D projective geometry, with lines corresponding to lines. In this article, we adopt Rankine's construction, as this appears to be a natural higher dimensional analogue of Maxwell's construction.
To fully extend the approach to 3D structures, we require a higher dimensional stress function. Maxwell 4 presented two methods for a stress function approach in 3D. One of these, which we shall call the Maxwell-Rankine stress function, is a single scalar function. The other approach uses three stress functions, which we call the MaxwellCremona stress functions. The names are chosen to reflect their respective correspondences to the Rankine and Cremona constructions, and we give no further consideration here to the Cremona approach. It will be shown in this article that one may construct piecewise-linear functions which are the limit of a sequence of smooth MaxwellRankine stress functions, and just as the Airy stress function added a dimension to the 2D description leading -in the piecewise-linear limit -to a 3D polyhedron of which the structure is the 2D projection, so the piecewise-linear limit of the Maxwell-Rankine stress function leads to a 4D polytope of which the structure is the 3D projection.
A potential drawback of the present focus is that the Maxwell-Rankine stress function is incomplete, with Maxwell 4 demonstrating that there exist equilibrium states of stress in 3D which cannot be represented by such a stress function. The only complete 3D stress function is the Beltrami stress function, but we do not consider that in any detail here. An approach to the analysis of structures using the Beltrami stress function is presented in Malek et al., 9 whereas McRobie 10 describes an attempt to circumvent the apparent incompleteness of the Maxwell-Rankine description by means of the concept of 'zero bars'.
A key insight that led to the Williams and McRobie 1 discontinuous Airy description of moments in 2D frames was the recognition that the units of the Airy stress function are kilonewton metre, and thus stress function discontinuities have the units of bending moment. Even before all the detailed analysis that follows here, we may likewise recognise that for the 3D case, the areas in Rankine reciprocal represent forces, thus the linear dimensions must have units of square root of kilonewton. Because reciprocal lengths correspond to stress function gradients, the Maxwell-Rankine stress function must have units of square root of kilonewton metre. It is thus pre-evident that a product of a stress function discontinuity and a change in gradient has units of kilonewton metre, and the proof that a meaningful bending moment can be modelled in this manner is the first main result in the article.
As is demonstrated in McRobie, 10 the piecewise-linear Maxwell-Rankine stress function can be most readily visualised by looking along any bar, and then by considering the restriction of the stress function to a plane orthogonal to the bar at the point of interest. The problem is thereby reduced to a 2D stress function problem. The MaxwellRankine stress function restricted to a plane perpendicular to a bar resembles an Airy stress function, but its use is very different. McRobie 10 refers to this 2D restriction of the 3D Maxwell-Rankine stress function as the 'Mairy stress function'. For a Mairy stress function, the stresses are perpendicular to, rather than in, the plane of interest. Moreover, these normal stresses are given by the Gaussian curvature (involving products of second derivatives) of the Mairy stress function, whereas the Airy stress function gives in-plane stresses via its second derivatives directly. The selection of the word 'Mairy' was to avoid the cumbersome 'restricted Maxwell-Rankine stress function', simultaneously name-checking the MR of MaxwellRankine while reflecting its similarity to the Airy stress function. Specifically, the reciprocal constructions are identical for Airy and Mairy. For example, one may intersect normals to polyhedral faces with a plane parallel to the base plane to obtain reciprocal nodes which may then be connected by lines to create the force diagram. Despite this similarity, the interpretations are very different. Interpreting a 2D polyhedral function as Airy will deliver a reciprocal where lines represent forces (drawn orthogonal to their bars, via the Maxwell convention), whereas interpreting it as Mairy will lead to exactly the same reciprocal figure but with the forces now represented by polygonal areas. The general idea is illustrated in Figure 1 for simple 2D and 3D trusses.
In the Airy stress function approach to 2D trusses, inplane bar forces correspond to the change in slope across ridge lines of the polyhedral stress function. In this new 2D-slice-through-3D perspective, the Mairy stress function is again polyhedral, but the force is perpendicular to the plane of interest and its magnitude is equal to the discrete Gaussian curvature at a node of the Mairy polyhedron. Before moving to consider bending moments in 3D frames, which is the main aim of this article, we first demonstrate how the Mairy stress function readily describes the axial forces in a 3D truss. Simple ridges of the Mairy stress function generate no force because their Gaussian curvature is zero. However, where a set of ridges meet at a node (which is actually the point cross section of the bar we are looking along), the discrete Gaussian curvature can be non-zero, corresponding to an axial force whose magnitude is given by the area of the Gauss map in that vicinity.
The Gauss map of the Mairy polyhedron is a delineation of the Rankine polygon perpendicular to the bar, and this combines all the various concepts into a neat, unified 3D geometric description.
In this article, we take the first steps to extending this description to represent bars that carry bending and torsional moments. We should state from the outset that the resulting 3D version is far less visually intuitive than the 2D version of Williams and McRobie. 1 Moreover, although the method presented here can only be applied to some rather simple cases, we note that a more general extension has already appeared, 11 using 4D Clifford algebra to build on the results presented in this article.
It should finally be noted that the description developed here applies to the internal states of self-stress within a structure, and this may appear to stand at variance with the everyday experience that structures are usually intended to resist externally applied loads. However, as in the 2D case, external loads may be considered to be applied via a surrounding reaction frame, and by taking the form diagram to consist of the actual structure, the reaction frame and the interconnections, a self-stress of this total system can describe a structure subject to external loads.
Literature
The three classic articles are by Maxwell 3, 4 and Rankine 12 which develop the ideas of reciprocal diagrams in 2D and 3D trusses, and which define the stress function considered here. This article builds upon the 2D formalism developed in Mitchell et al., 6 McRobie et al. 7 and McRobie 10, 13 and is a generalisation of the idea put forward for 2D frames in Williams and McRobie. 1 Other recent works with stress functions and reciprocal diagrams for 3D trusses include Akbarzadeh et al. [14] [15] [16] The Maxwell-Rankine stress function Maxwell 4 defines two different stress function approaches to 3D stresses. One approach, which we call the MaxwellRankine stress function Φ, defines the stresses to be a non-linear function of the stress function, via the following equations 
which, in the absence of body forces, can readily be shown to satisfy the equilibrium equations
Any state of stress in 3D can be represented by a Beltrami stress function Ψ; this being a 3 3 × symmetric tensor with six independent components, stresses being defined via
where ε is the Levi-Civita pseudotensor. The use of Beltrami stress functions to represent forces in 3D frames is described in Malek et al. 9 Because the Beltrami description is complete, it must contain the Maxwell-Rankine description, and indeed the Maxwell-Rankine stress function Φ corresponds to the Beltrami stress function Ψ with components
Stresses are a linear function of the Beltrami stress function, and thus Beltrami stress functions can be linearly superposed to obtain linear combinations of stress. The products of second derivatives in the definitions mean that the Maxwell-Rankine stress function does not enjoy this property. However, we would argue that the Rankine construction is a sufficiently powerful and interesting approach to 3D frame analysis that it is worth enduring the minor inconvenience of the lack of linearity.
It can be seen from the definitions (equations (1)- (6)) that the stress tensor σ is simply the matrix of cofactors of the matrix of second derivatives (the Hessian) of the Maxwell-Rankine stress function. It is also apparent from equation (1) that the stress σ xx normal to a plane of constant x c = is the Gaussian curvature of the stress function φ( , ) ( , , ) y z c y z = Φ on that plane. As has been previously stated, we shall call such a 2D-restricted stress function φ( , ) y z the 'Mairy stress function' for that plane. The following constructions make much use of the Gaussian curvature of Mairy stress functions.
Axial forces in 3D truss members, via Maxwell-Rankine
We first set out the Maxwell-Rankine description for the axial forces in a 3D truss. In later sections, this description will be generalised to incorporate shear, bending and torsion.
We assume that the truss geometry is such that a Rankine reciprocal exists. This requires the spaces within and around the structure to be representable as a set of conjoined polyhedra. The structural bars define the edges of the polyhedra, and there is presently a requirement that all faces of all polyhedra are planes. Over each polyhedron, we may then define a linear stress function, and for truss action, we shall require there to be continuity of the functions on adjoining polyhedra across the plane face that they share.
Because the definitions of the Maxwell-Rankine stress function (equations (1)-(6)) require it to be twice differentiable, we first construct such a function and then consider the stress resultants in the piecewise-linear limit. Each polygonal face is thus thickened to create a thin plate-like cell, and each bar is thickened correspondingly to become a slender prism. For ease of explanation, we consider a bar in a rectilinear framework, and we decompose the space around the bar into cuboidal cells separated by thin rectangular plate-like cells, which in turn are bounded by slender bars of rectangular cross section (see Figure 2) . Each bar thus adjoins four of the plate-like faces, which in turn separate four larger cuboidal regions around the bar. Over each of the larger cuboidal cells, we define a linear stress function, and over each of the plate-like face regions we define a stress function which smoothly connects the stress functions in the two adjoining cuboids. Likewise, over the narrow prismatic bar, we define a stress function which smoothly connects the stress functions on the four face regions it adjoins. The exact nature of these functions need not concern us; all that is required is that there is continuity and smoothness at all boundaries between regions.
A bar in such a structure is shown in Figure 2 (a). We may choose the z coordinate to be along the bar, and at any point on the bar, the x-and y-axes divide the plane orthogonal to the bar into four quadrants. These quadrants are separated by thin regions around the axes (Figure 2(b) ), each region being a cross section through one of the plate-like cells that separate the larger cuboidal cells. Choose a Maxwell-Rankine stress function Φ( , , )
x y z which is independent of z, such that the Mairy stress function φ( , )
x y is the same on all planes of constant z. Let the Mairy stress function on any such plane decompose as φ( , ) ( ) ( ) x y G x H y = + and let the function G x ( ) consist of two linear regions, one of zero slope (dG dx / = 0) and one of constant slope dG dx g / , = joined by a smooth function over the thin central region near x = 0. Similarly, let the function H y ( ) have regions of slope dH dy / = 0 and h which are smoothly connected across the thin region near y = 0. The Mairy stress function and its first derivatives are thus continuous everywhere.
The matrix of second derivatives of the stress function is 
and the stresses are the cofactors of this. All stresses are thus zero except σ zz xx yy G H = , , , and this is only non-zero over the bar cross section.
We obtain the axial force in the bar as 
That is, the axial force in the bar is gh, the product of the two changes in gradient. This result is independent of the size of the bar, and thus the result persists in the piecewise-linear limit as the cross-sectional dimensions of the bar shrink to zero.
That this is also the area of the Gauss map of the Mairy polyhedron local to the bar cross section is illustrated in Figure 2 These results readily generalise to non-rectilinear configurations and to where the bar may be the common edge of three or more than four regions. In such cases, the stress function integrations can become rather tedious, but the axial force may nevertheless be computed almost trivially from the oriented area of the reciprocal Rankine polygon whose nodal coordinates are given by the negatives of the gradients of the local Mairy stress function over each cell.
The addition of a linear kz term to the MaxwellRankine stress function over all cells does not change the axial force in the bar. The only thing that changes is that the Z-coordinates of all reciprocal nodes become −k. Such translations will be necessary when considering whole 
Uniaxial bending
The previous section demonstrates how the piecewise-linear limit of a smooth Maxwell-Rankine stress function leads, via the Gauss map of the polyhedral Mairy stress function, to the Rankine polygon whose area represents the axial force in a bar. We now extend the procedure to represent a bar carrying a bending moment. Again, we begin with a simple rectilinear configuration as shown in Figure 3(a) . Again, the z-coordinate is taken to be along the bar of interest, and at any point on the bar, the x-and y-axes divide the plane orthogonal to the bar into quadrants. Again, we thicken the planes separating the quadrants and define linear stress functions over each quadrant. The local stress functions are independent of z and are joined smoothly by local functions over the thin regions between the wider quadrant regions. The Mairy stress function is again decomposed as φ( , ) = ( ) ( ) x y G x H y + , and the only difference with the previous case is that the function H y ( ) now takes the form of a locally smoothed step function, with step height ∆.
The Mairy stress function and its first derivatives are thus again continuous everywhere, and the matrix of second derivatives has the same form as previously (equation (12) 
That there is no axial force in the bar is readily seen from the Rankine polygon reciprocal to the bar. There are again four reciprocal nodes. Their coordinates (0,0), ( ,0),(0, 0) −g and ( ,0) −g are given by the negative of the local gradients of the Mairy stress function. These reciprocal nodes are pairwise coincident (see Figure  3 (e)), and they define a line-like rectangle of zero area, corresponding to zero axial force in the bar.
An integration similar to the one above readily shows that the moment M yy about the y-axis is also zero, due to the zero slopes of H y ( ) at the upper and lower boundaries of the bar cross section. However, for the moment M xx about the x-axis, we obtain 
This is a key result. The magnitude of the bending moment is the product of the change in slope g with the step height ∆. These results hold as the thicknesses of the thin dividing regions tend to zero, leading to the piecewise-linear, discontinuous Mairy stress function as shown in Figure 3(c) .
As stated earlier, the Maxwell-Rankine stress function (and thus the Mairy stress function) has units of square root of kilonewton metre, such that the product g∆ of slope change and step has units 
A simpler proof for bending
Consider two parallel bars separated by a distance d carrying equal and opposite tension and compression forces. A polyhedral Mairy stress function over a plane perpendicular to both bars is shown in Figure 4 (a). The stress function is linear over all six regions. Over the thin regions 3 and 4 of thickness d, the stress function rises sharply with gradient H to a height ∆. The ( , ) X Y coordinates of the points reciprocal to each of the numbered cells are given by the negative of the gradients across that cell. For example, the point reciprocal to cell 4 has coordinates ( , ) − − g H . The Rankine reciprocals of bars A and B are thus rectangles A and B each of area gH . The sign convention for the Mairy stress function is that stresses are positive over elliptic regions and negative over hyperbolic regions, thus B is in tension and A is in compression, and the total axial force is zero. The moment about the x-axis has magnitude ( ) gH d, but Hd = ∆, whence the moment has magnitude g∆. This all agrees with our earlier proof.
Bending with shear
In the earlier example for pure bending, the only non-zero stresses were σ zz . Shear stresses and thus shear forces were zero, and the moment was constant along the bar, being equal to a product of slope change and step. However, a linearly varying bending moment may be readily modelled by allowing the step height to vary linearly along the bar. That is, we replace ∆ with ∆ + kz in the previous analysis. The Maxwell-Rankine stress function may be written Φ ∆ ( , , ) ( ) ( ) ( ) x y z gr x kz s y = + + , where r and s are the smoothed unit ramp and step functions, respectively. The configuration is illustrated in Figure 5(a) .
The matrix of second derivatives is thus 
This satisfies S dM dz y x x = / , the familiar statement that the shear force is the slope of the bending moment diagram.
The Rankine polygon reciprocal to the beam is again a rectangle, but here its area is the shear force S y , and unlike a traditional Rankine polygon it is not oriented orthogonal to the beam axis, but rather it is orthogonal to the direction of the shear force S y (see Figure 5(b) ).
Finally, the matrix of cofactors contains a transverse stress σ xx . This is somewhat problematic. It exists not only within the beam but over the whole thin region containing the y = 0 plane. Moreover, in the piecewise-linear limit as the thickness of this region tends to zero, these stresses, being proportional to the square of the slope of the step function, become infinite, as do the transverse forces that are their integral. We shall address this later, in the section 'Technicality: transverse stresses'.
In summary, the product of the constant slope change g and the linearly varying discontinuity ∆ + kz leads to a bending moment profile M g kz xx = − + ( ) ∆ which varies linearly along the beam and which is in equilibrium with a constant shear force S gk y = − . 
Biaxial bending
We adopt the simpler approach for the derivations here. Consider four parallel bars aligned along the z-direction and separated by distances d and b in a rectangular arrangement. Let the Maxwell-Rankine stress function have no variation with z and let there be a continuous polyhedral Mairy stress function as shown in Figure 6 (a). There are two overlapping narrow regions over which the stress function rises with steep slopes G and H to heights δ and ∆, respectively. Beyond these are gentler slopes g and h, respectively.
Reciprocal to each bar is a rectangle, as shown in Figure  6 The stress function in this example generates a coexistent axial force gh (Figure 6(b) ). The axial force can be varied separately via further subdivision of the stress function, in the manner shown in Figure 7 . There, cell 3 has been split into two cells. By varying this subdivision, the axial force -given by the area of the reciprocal pentagon -can be varied without changing the moments −g∆ and −hδ . It is clear that one possibility is a reciprocal polygon of zero-oriented area, corresponding to a bar carrying biaxial bending but no axial force. , is zero at x 1 and x 2 , and t y , is zero at y 1 and y 2 . These also imply the bending moments are zero, because 
Torsion
This is the second main result of this article: the torsion in a bar is the product of the step discontinuity ∆ across the bar in one direction ( y, say) with the change in slope k parallel to the bar as one crosses the bar in the other (x) direction.
Case 1: 2D trusses
Having developed a theory for individual beams in 3D, we now begin to connect them together to make larger structures. We begin with simple 2D cases, the first of which is 2D truss action, where all forces are axial. Figure 9 illustrates the Maxwell-Rankine stress function around a single truss member that lies along the x-direction. This member will be part of a truss which lies in the z = 0 plane. There are two changes in gradient, one (h) in crossing the z = 0 plane, and one (g) in crossing the y = 0 plane. Its Rankine reciprocal is a rectangle of area gh, this area representing the force in the bar. We now connect a number of such bars to make the simplest self-stressed truss, the triangular truss of Figure 1 of Maxwell, 3 shown here in Figure 10 (a), and Figure 10(b) shows the Airy stress function that would be used in a 2D analysis, having four plane faces, with slopes g 1 , g 2 and g 3 (the fourth being zero over the outer plane that surrounds the truss).
To represent this structure in 3D, we place it on the z = 0 plane, across which there is a global change in slope h in the z-direction. We thus obtain a 3D model with eight cells, consisting of four at positive z and four at negative z, as per Figure 10(c) . In each cell, the x y , gradient is g i , and the z gradient is either 0 or h. The negative of the gradient in any cell gives the coordinates of the reciprocal node that is dual to that cell. We thus obtain eight such reciprocal nodes. These define the set of rectangles which are dual to the bars, as shown in Figure 10(d) . Because all such rectangles have depth h, the bar forces are proportional to the horizontal edge lengths in the reciprocal diagram, as per standard 2D Maxwell reciprocals.
The 3D Maxwell-Rankine theory thus contains the standard Maxwell theory for 2D reciprocal trusses. This feature may prove useful in 3D, as many 3D structures contain 2D substructures.
Technicality: transverse stresses
There is a technicality that arises in the way that a Maxwell-Rankine stress function of this form gives rise to stresses (and in some cases infinite stresses) perpendicular to the plane of the frame. Maxwell 4 refers to just such problems. The issue can be seen in Figure 11 . The cells of the Rankine reciprocal have horizontal polygons at the top and bottom, and the areas of these correspond to forces along the vertical edges of the original cells. The diagram illustrates that there is a tensile force in the bar n, of magnitude equal to the area of the reciprocal triangle N.
Although one could choose to simply ignore these transverse forces, a more elegant solution is to fold the stress function domain back over onto itself across the z = 0 plane. That is, rather than taking the stress function domain to be the whole 3D space, we consider two instances of the lower z half-space (z < 0). These two half-spaces are attached at the z = 0 plane. Together, they constitute a 'double-cover' of the lower z half-space. We may then take this double-cover as the domain of the stress function. With this construction, all stresses perpendicular to the z = 0 plane now have equal and opposite counterparts in the other half-space, and thus cancel. The tension N in n cancels with an equal and opposite compression M in the (folded over) member m. Because these two members are now coincident in space in the double-half-space stress function construction, all transverse forces are thus removed, leaving only the in-plane forces of the 2D truss of interest.
Finally, we note that in 2D graphics statics, one may consider the area exterior to the structural perimeter to be the surface over which the Airy stress function acts, or one may consider the stress function to be doubly layered over the interior of the structural perimeter. This latter interpretation accords more neatly with the concept of the truss as the projection of a polyhedron, and it is often neater to work within a finite conceptual framework. If one were to apply this idea to the 3D constructions illustrated here, then, for example, region 4 of Figure 10 (a) could be taken as the interior, rather than the exterior, of the surrounding triangle pqr . If this is combined with the idea of folding the stress function through the z = 0 plane, one arrives at a quadruple cover of the prismatic region that extends below the truss diagram.
For the present, all such double and even quadruple covers are largely of academic interest, and it is easier to work with a single cover of the whole space. What is more important is to recognise that this section has demonstrated that standard 2D graphic statics is naturally contained within the 3D conceptual framework being developed here.
Case 2: 2D frames
We now extend the analysis to cover 2D frames. As for the truss, the frame will lie in the horizontal z = 0 plane, across which the Maxwell-Rankine stress function has a global change in slope of h in the z-direction, as illustrated in Figure 12(a) . We consider the case where two bars meet at a right angle joint. For all z , the x y , variation consists of a step of ∆ in the positive x y , quadrant, within the corner of the joint.
Cross sections perpendicular to each beam reveal the diagrammatic representations from Figure 3 , from which we conclude that each beam carries a bending moment about the z-axis of magnitude h∆.
It is evident that this result does not require the corner to be square. Moreover, we may connect sets of beams in the triangulated manner of the famous Figure 1 of Maxwell. 3 Just as Figure 10 had varying ( , ) x y gradients g i across each cell, we may have a different step ∆ i in each cell, leading to a 2D frame in moment equilibrium. For each beam, the moment M zz would be constant along its length, with moment equilibrium at the nodes.
Generalising further still, we may take any possibly discontinuous Airy stress function φ( , )
x y and combine it with a piecewise-linear z-variation which has a change in slope of h across the z = 0 plane. This leads to the Maxwell-Rankine stress function for 2D frame analysis, Φ( , , ) ( ) ( , ) x y z hr z x y = +φ where r z ( ) is the ramp function with unit slope change across z = 0. The change in z-slope, h, is then a constant factor in all calculated quantities, with moments being of the form h∆ and axial forces of the form hg. Again, shear forces are given by the change in parallel slope of φ( , )
x y as one crosses the beam. Setting h = 1, then it follows that rather nicely, the 3D Maxwell-Rankine theory contains the whole of traditional 2D graphic statics, together with its extension to 2D frames by Williams and McRobie. 1 
Case 3: grillage analysis (no shear)
Another special case emerges from the 3D theory if the stress function is again partitioned into a z variation and an x y , variation. In this case, we choose only the z variation to be a step of ∆ as one crosses the z = 0 plane. The resulting stress function gives a model for the states of self-stress of a plane grillage, involving beam torsions and bending moments. In the first instance, we consider the no-shear case -that is, the bending moments are constant along each beam.
To model two no-shear grillage bars meeting at a corner, we apply a stress function gx over the positive x y , quadrant, for all z. Figure 13 illustrates the stress function and the diagrammatic symbols on planes perpendicular to the beams. The morphology on the plane perpendicular to the y -direction beam is the standard one for bending. The morphology on the plane perpendicular to the beam in the x -axis is that of torsion. This is a result of the stress function having a change g in the gradient parallel to the beam, as one crosses perpendicular to the beam on the x y , plane. This special case of the full 3D Maxwell-Rankine theory has thus led to a new 2D graphical method for 2D grillage analysis. It manifests itself on the z = 0 interface when there is a step of ∆ across that interface. As when distilling 2D truss analysis from the fully 3D case, there will be stresses transverse to the plane. However, these will again be equal and opposite, and their effects can be removed by the device of the double-cover on the halfspace below z = 0.
Although the previous section merely showed how the 3D theory agreed with known 2D methods, this section has arrived at a new 2D method -graphic grillage analysis. This is explored in a forthcoming companion article.
A space beam
In this section, we take the first step towards a fully 3D theory, by placing the plane of a 2D moment frame orthogonal to the plane of a 2D grillage and considering a bar that is common to both planes. The arrangement is shown in Figure 14 (a). In the simplest case, we take the torsion in a bar a in the grillage, transfer it at a joint to the bending in the common bar b, and then take that bending around a corner in the 2D frame to the bar c.
Bars in 2D frames and in grillages each involve a step change ∆ and a slope change g. One change occurs across the plane, and the other in the plane. We choose the Maxwell-Rankine stress function shown in Figure 14(b) , this being the sum of two functions, one with a value ∆ in the extrusion of the quadrant bc (shown in green) and the other with a slope g in the extrusion of the quadrant ab (shown in yellow). The grillage plane ab has a step ∆ across it, and the 2D frame plane bc has a slope change g across it. The Mairy stress functions on planes orthogonal to bars a b c , , (shown in Figure 14 (c)) then have the correct morphologies for the required torsion/bending/bending transition. We thus have a model for the space beam.
A difficulty arises with lines d and e. Sections normal to these, also shown in Figure 14(c) , have problematic morphologies, revealing possibly infinite forces and moments along these lines. These have no overall effect on the main beams, because each line is orthogonal to a bar joint and the actions on either side of the joint are in mutual equilibrium. Although it may be possible to resolve this example by twice folding the stress function domain, once over the grillage plane and once over 2D frame plane, difficulties will be encountered in more general cases. These difficulties are manifestations of the problem identified by Maxwell 4 of the transverse stresses associated with the Maxwell-Rankine stress function. It was with the intention of avoiding such problems that the stress-resultant function of McRobie 11 was developed. That approach, while drawing heavily on Maxwell-Rankine theory, delivers forces and moments in frame structures directly, without the need to take piecewise-linear limits of the integrations of smooth functions as here.
Summary and conclusion
This article has taken some steps towards creating a graphic statics for 3D frames. It is a 3D generalisation of the Williams and McRobie 1 approach to 2D frame analysis, which used discontinuous Airy stress functions. For 3D frames, the fundamental object is a discontinuous Maxwell-Rankine stress function. Such stress functions were developed for isolated beams in space, a key result being that moments could be represented as a product of a slope and a step change. Models were presented for uniaxial bending with shear, biaxial bending and torsion. It was shown how the 2D WilliamsMcRobie theory was contained within the 3D theory, a result that may be of use in 3D structures which contain 2D substructures. Another example revealed a 2D theory for the graphic analysis of plane grillages with no shear. The first steps towards coupling together the various actions in 3D for the representation of a simple space beam were then presented. However, the procedure experienced problems associated with transverse stresses. Nevertheless, the results here lay the foundations for a conceptual framework for the graphical analysis of 3D frames, and the reader is referred to McRobie 11 for further developments.
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